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Abstract
The equilibrium points of the Sun-Mars system bring some unique characteristics to the discussion of future inner solar
system exploration missions, particularly an expedition to Mars itself.  Existing research has identified potential utility
for Sun-Mars libration point missions, particularly for satellites orbiting each of the co-linear, near-Mars, Sun-Mars
libration points (the L1 and L2 points) serving as Earth-Mars communication relays.  Regarding these Lissajous orbits,
we address questions of “Why go there?” “How to get there?” and “How to stay there?” Namely, we address utility and
usefulness, transfer and injection, and station-keeping.  The restricted 3-body problem involving a spacecraft in that
system is reviewed; and past and present research and proposals involving the use of these orbits are summarized and
discussed.  We use commercial, desktop tools (Satellite Tool Kit (STK) / Astrogator) for simulation and analysis of
Earth-Mars transfers, Lissajous orbit insertions, and station-keeping trajectories.  On-going, successful collaboration
between military and industry researchers in a virtual environment is demonstrated.  Much of this study focuses on 2016
Earth-Mars transfers to these mission orbits with their trajectory characteristics and sensitivities.  This includes analysis
of using a mid-course correction as well as a braking maneuver at close approach to Mars to control Lissajous orbit
insertion and the critical parameter of the phasing of the two-vehicle relay system.  Station-keeping sensitivities are
investigated via a Monte Carlo technique.  The resulting data provides confirmation and insight for existing research
and proposals, as well as new information on Mars transfer and Lissajous orbit insertion strategies, communications
coverage, and station-keeping sensitivities.  The data provides new information on these trajectories to future
researchers and mission planners

Introduction
“NASA’s vision is to . . . focus more of our energy on going to Mars and beyond.”

— Dan Goldin, AWST, January 2001

“All the questions we have about Mars could now be answered . . . if we could just walk around on the
planet for a few days.”

— Michael Malin, Malin Space Science Systems, National Geographic, February 2001

“NASA is seeking innovation to attack the diversity of Mars . . . to change the vantage point from which
we explore . . .”

— CNN, June 2001

As NASA and the space community renew their focus on Mars exploration, student researchers find several topics
awaiting further study.  From our work that originated in an advanced astrodynamics course at the US Naval
Postgraduate School, we became interested in Mars, various aspects of the three-body problem, and the Lagrange or
libration points, and we were eager to team with industry to conduct mission simulations and analysis.  We examined
several documented research efforts dealing with diverse aspects of these topics.6,9,11,14,19,20,24,25 The concept of using
communication relay vehicles in orbit about colinear Lagrange points to support exploration of the secondary body is
not entirely new, being first conceptualized in the case of the Earth-Moon system by R. Farquhar.24,25 An innovative
approach on the concept that caught our interest was that introduced by H. Pernicka, et al, for a 2-satellite
communications relay with one spacecraft in orbit about each of the co-linear, near Mars, Sun-Mars libration points, L1
and L2.6 Further work by graduate researchers (Kok-Fai Tai and Danehy) refined this proposal and conducted
investigations into the technical and fiscal aspects of such a mission, including trade studies on communication relay
constellation options.15,16 This analysis resulted in some favorable conclusions and rationale for a Mars communication
relay system that utilizes 2-spacecraft in large amplitude Lissajous orbits, including system cost and performance
measures comparable to a 3-spacecraft aerosynchronous system.
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A primary purpose of this work, then, was to re-examine the 2-vehicle system orbiting the Sun-Mars co-linear libration
points, including transfer orbits and station-keeping, through desktop computer simulation using full-force models and
the interplanetary propagation / targeting techniques of the STK / Astrogator module.  Essentially, we wished to see how
past studies and data using simplified models compared to our new full-force model targeting and propagation, and to
generate innovative scenarios and data for future missions.

An additional purpose of the project was to demonstrate successful collaboration between military graduate researchers
and industry professionals.  Timely, affordable results from specific research can be obtained when diverse groups such
as these can work, virtually and collaboratively, on pieces of a complex problem.  These ideas flow into another purpose
of the study: to show how commercial desktop computing can be used to easily create and analyze these types of
missions and problems, again leading to faster and cheaper studies by more researchers.  As far as we could determine,
this area of study for Mars missions has not been investigated previously in this manner.

As output for this study, we expand upon discussions of the usefulness of these orbits for Mars missions as well as re-
examine the 2003 Earth-Mars transfers and L1 libration orbit insertions presented in the original Pernicka study and the
follow-on work.  We then expand that simulation and analysis to include the planning horizon of a 2016 transfer and
mission orbit insertion, considering an L2 orbit insertion as well.  We investigate the effects of orbit amplitude on insertion
∆V requirements and show some innovative mission orbit insertion techniques that results in ∆V savings, namely using
a Mars swingby and braking maneuver to assist in the insertion.  We also investigate trajectory design methods to achieve
the necessary two-vehicle phasing for effective mission operations.  We present figures of merit to assess the
communications relay coverage and analyze station-keeping ∆V requirements via Monte Carlo simulation and analysis.

Please note that this report consolidates and expands upon some results presented at American Institute of Aeronautics
and Astronautics and American Astronautical Society conferences,22,23 along with additional explanatory material.  All
of the simulation and analysis presented here represents a first effort of utilizing full force models and current desktop
computing tools to generate some useful data on the Sun-Mars libration point transfer and communication relay
problem.  The data does not represent optimized numerical solutions or proposed detailed mission designs, but rather
information and baseline data for follow-on researchers and mission planners.

Background: The Three-Body Problem and Libration Points 3,4,7

A standard simplified approach for initial investigations into interplanetary trajectories relies on reducing a complex
“four-body” problem (Sun, Earth, Planet, and Spacecraft) down to three phases of simplified “two-body” problems
(Primary body and Spacecraft).  These are usually identified as the departure, cruise, and arrival phases, and this
approximate solution approach is typically called the “patched conic approach.”  A general picture of this is depicted in
Figure 1 for a transfer from Earth to another planet (in this case, an inner planet and not Mars).  The “spheres of
influence” mark the boundaries for the phases of the trajectories.

Figure 1. Spheres of Influence for Patched Conic Trajectories

To consider trajectories to and orbits about the libration points, one must address the “three body problem,” which
involves two primary masses and a much smaller third mass (the spacecraft).  There is some history behind the search
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for analytic solutions to this problem involving some rather well known figures.  Newton tackled some aspects of this
problem when he computed the orbit of the moon to within 8% in 1687.  Euler developed his problem of “two fixed
force centers” in 1760 and the rotating / synodic coordinate system in 1772.  Jacobi created his integral solutions from
the Euler “restricted” three-body system in 1772.  That same year, Lagrange identified the “equilibrium” points of a
restricted three-body system.  These points (there are five in all) have since been labeled “Lagrange points” and are also
known as “libration points.”  Orbits about these points in space are termed “libration orbits” or “Lissajous orbits.”  A
specific type of Lissajous orbit is often called a “halo orbit.”

The five libration points are defined in a rotating coordinate frame in which 2 large primary bodies rotate about their
common center of mass.  Looking “down” upon the plane of rotation of these two bodies, these points can be labeled
as in Figure 2.

Figure 2. Geometry of the Lagrange Points of Two Primary Masses P1 and P27

The resulting motion and force balancing in this synodic frame produces the five equilibrium points, where a third body
of small relative mass would theoretically remain once placed there.  The points numbered 1, 2, and 3 are termed the
colinear points since they lie on the line connecting the two primary bodies, and are unstable in the sense that an object
place there will eventually depart due to the unstable nature and disturbance forces.  Points 4 and 5 are the triangular
points since lines connecting them to the primaries form equilateral triangles, and are stable.  A way to envision this
system of points is that of energy balancing, where the colinear points represents balancing on the top of a “peak” and
the triangular points represent balancing in the trough of a “valley.”  Fairly stable use of the colinear points can be
achieved by placing an object in orbit about the points.  It is also interesting to note that the existence of these
equilibrium points, as predicted by Lagrange in 1772, were finally confirmed 134 years later by the discovery of the so-
called “Trojan” asteroids, which are objects that have collected near the Sun-Jupiter triangular points.

A Note on Historical Missions Using Libration Points
It is important to note that there have been successful space missions utilizing libration point orbits.  The first proposal
for such a mission was in 1966 when John Breakwell and Robert Farquhar proposed that a satellite orbiting about the
Earth-Moon L2 point could provide a communications link to support exploration of the “dark side” of the moon (more
accurately referred to as the “far side”).  They developed a periodic, out of plane solution for the spacecraft orbit that
led to the development of halo orbits.

The first true mission into one of these obits was the International Sun-Earth Explorer-3 (ISEE-3), launched in 1978 for
operations about the Sun-Earth L1 point.  Its trajectories are represented in Figure 3 and are indicative of some of the
complex dynamics involved in these types of missions.

– 3 –

Mars Libration Point Mission Simulations



Figure 3. ISEE-3 Trajectory Summary

Another successful mission of note was the Solar and Heliospheric Observatory (SOHO) launched in 1995, which provided
an unobstructed view of the Sun from its orbit about the Sun-Earth L1 point.  The schematic is shown in Figure 4.

Figure 4. SOHO Trajectory Summary
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There have of course been other missions since these times, but these represent some of the first successes and have
paved the way for expanding upon the use of these types of orbits.  There have been no missions associated with the
Sun-Mars libration points to date.

Mars Communication Constellations
Currently, spacecraft missions to Mars rely on their on-board equipment to provide faint transmissions directly to Earth or
to a relay in Martian orbit.  The addition of on-board communication equipment capable of reaching out through the
interplanetary void between Mars and the Earth adds weight, cost, and risk to missions that operate within tight margins in
these areas.  To exacerbate this problem, once a lander has made it safely to the surface, it can only relay information to
Earth when it is in direct line of sight.  With a Martian day of just over 24 hours, there exist well over 12 hours of “blackout”
where no signal can be sent to the Earth.  With the addition of an orbiting relay, these times are reduced substantially but
significant blackouts will still exist.  In order to provide continuous coverage for the entire Martian surface, a minimum of
four satellites (in elliptical orbits) are required.6 This, once again, raises the issues of cost and risk.

Some of these problems can be solved by the use of a communication network around Mars that takes advantage of the
geometry provided by placement at the Sun-Mars Lagrange points.  A minimum of two satellites located at the Sun-
Mars L1 and L2 points could provide near continuous coverage for multiple vehicles on the surface and in orbit.6 These
points are termed the co-linear, near-Mars, Sun-Mars Libration points and are defined as above in a three-body orbital
system where the two primaries are the Sun and Mars and the much smaller body is the orbiting communication relay.
Note also that the Lagrange points remain at the same relative locations as the two primary bodies rotate about their
center of mass.  The communication satellites would be inserted into large amplitude orbits about the L1 and L2 points,
circling their respective Lagrange points and the Sun-Mars line.  These satellites could communicate with landers
anywhere on the Martian surface, with any spacecraft in Martian orbit, and provide the critical communications link
between the Earth and Mars.6

Other constellations could be used for a Mars communications network, but each has disadvantages that outweigh the
advantages.16 A group (four to six) of low to medium orbiting relay satellites would ensure that every satellite would
cover the entire planet at some point, but the cost and risk of inserting so many satellites and the limited instantaneous
field of view the satellites can offer do not make it an attractive option.  Four satellites in common-period, inclined
orbits, or a Draim constellation, could cover the entire surface of Mars, but again require twice as many satellites as the
Lissajous orbit concept, as well as the added complexity of a ground station continuously switching from one satellite
to another.  An aerosynchronous constellation (like Earth geosynchronous but at Mars, approximately 20,462 km
altitude) requires three or four satellites, and works well with ground stations that can simply point to one spot in the
sky.  However, in addition to the fact more than two satellites are required, there is virtually no polar coverage.  Another
proposal places communication landers on the Martian moons of Phobos and/or Deimos, but this constellation has the
same inefficiencies as the aerosynchronous satellites with large gaps of polar coverage.

The L1 and L2 orbit constellation requires only two satellites for a fully operational constellation (each spacecraft sees
almost half of Mars at all times), thus making it the most attractive option.  The Sun is always visible to both satellites,
greatly simplifying power requirements for that spacecraft.  Lander pointing requirements are simple, given the
spacecraft is always the same relative distance from the Sun-Mars line, and the spacecraft station-keeping budget is
relatively small.  Disadvantages are overcoming the approximate one million kilometer distance from the Lagrange
points to the Martian surface.  This distance likely requires a large, high frequency antenna, which could complicate
solar panel design to minimize antenna shadow and may require a more complex lander communication system to
interact with the high frequency signals.  Interference from constant solar radiation along the Sun-Mars line and for a
particular Earth viewing geometry may also have to be considered, and the loss of one satellite means half the planet
loses communications coverage for approximately 12 hours.

Please note that this study does not attempt to address any issues related to communication link specifications or
performance, but does focus on the trajectory designs to place communication relay vehicles into their mission orbits.
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Sun-Mars Libration Point Orbits

Figure 5. Sun-Mars L1 and L2 Halo Orbit Constellation6

The design of the halo orbit communication network around Mars is a simple but elegant one, as depicted in Figure 5.6
In order to prevent an unneeded overlap of coverage, the orbits of each satellite at L1 and L2 would be opposed by 180
degrees but moving in the same orbital direction.  Herein lies a minor problem with this configuration: because L1 and
L2 are at finite distances from Mars (1x106 km), the actual view of Mars is slightly less than hemispherical.  Despite
this geometry, the original study predicted that the network would be able to view 99.81% of the planet at all times.  The
“down time” in this scenario would be minimal: a vehicle caught in this band would have to wait a mere 1.5 minutes
before coverage would be switched over and reestablished with the other satellite.

In designing the proper orbits in which to place the two satellites, the most important consideration is that they permit
efficient maintenance of the 180 degree offset.6 An additional consideration is that of avoiding having the satellite cross
what is known as the “solar exclusion zone,” the line between Mars and the Sun.  Passing through this zone,
communications would be disrupted due to intense solar interference.  To avoid this problem the orbit must be large
enough to avoid this crossing; an orbit of period greater than 0.9 years should suffice.  Another obvious consideration
is the choice of geometry and size of the orbit that reduces the required insertion maneuvers, and thus cost, from Earth.

As an aside, one might wonder if the L4 and L5 points could play some role in the design of a communication network
around Mars.  The L4 and L5 Lagrange points lead and trail Mars by 60 degrees in its orbit, thus forming equilateral
triangles with Mars and the Sun (see Figure 2).  The distance from Mars to either of these two Lagrange points is the
same as the distance from Mars to the Sun (227.9 x 106 km).  To communicate over these distances, current
interplanetary missions use very large dishes, such as the Goldstone Deep Space Network (DSN) facility in California,
in order to eliminate the need for large, powerful transceivers on the spacecraft itself.  Links over this 230 million
kilometer range would require space borne communications elements whose size, weight, and power would be on the
order of a DSN ground station.  The size and power of the needed equipment for these distances make the L4 and L5
unrealistic as locations for the network.8

There is one other interesting aspect of the L4 and L5 points worth mentioning here.  While their stability can be
exploited for use in missions that require minimal station-keeping, this same stability also attracts a multitude of
interplanetary bodies that populate this region of the solar system.  These special bodies are known as “Trojans” because
the first few such objects discovered were named for several heroes from the Trojan War.  By convention established by
the International Astronomical Union, all similar objects must be named after Trojan War heroes, Greeks ahead of the
planet and Trojans trailing the planet.  Two of the larger Martian Trojans (in the 1-2 km range), 5261 Eureka and 1998
VF31, represent what could be thousands of other bodies that reside at the L4 and L5 points making these fairly
dangerous places indeed.  Consideration must be made as to whether the benefits of the inherent stability of the L4 and
L5 points outweigh the risks of residing there.8
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Mars L1 and L2 Constellation Advantages
Probably the most significant advantage to using the large amplitude Lissajous orbit constellation is minimum cost
associated with only 2 spacecraft required, when compared to other constellation options.15,16 Additionally, spacecraft
orbiting about L1 and L2 can readily see the Sun and Earth, potentially simplifying spacecraft solar cell placement and
communication antenna design.

The vehicles circling the Sun-Mars L1 and L2 points will orbit the Sun-Mars line with periods on the order of 1 year.
The long period dynamics of such orbits may make them attractive for interplanetary missions with significant
communication time delays.  Perhaps even more significantly, on a given day (or series of days) the relay vehicle will
appear motionless and remain in a fixed position relative to the sun (or local midnight vector, for the L2 relay).  Thus,
a communication relay tracking system for explorers on the surface could be simplified and automated for tracking of
this position in the sky.  From the surface, there would be only one switch between relay vehicles each day, a distinct
advantage over Draim or low orbiting concepts.  The Sun-line geometry may also allow for simplified and robust safe-
modes for the vehicles based on the sun vector.  Since both spacecraft orbit about the Sun-Mars line in large amplitude
Lissajous orbits and avoid eclipsing, the relays would always have access to the sun for their solar cells, thus allowing
reduced battery sizes.

An additional benefit of the unique geometry offered by Lissajous orbit missions is a secondary mission for these
communications relay vehicles as observation platforms.  The L1 satellite is able to perform continuous solar activity
monitoring via a secondary payload on the vehicle, and thus provide advance warning of activity to Mars surface
missions.  This could be done using low power, simple instruments for simple early warning of solar storms / flares,
perhaps derived from legacy missions.  Regular monitoring of the sun is thus possible, and can additionally be compared
to solar data from sensors closer to the sun.  This secondary mission for solar activity monitoring increases in importance
when the Earth is on the opposite side of the solar system from Mars.  Another observation mission for both spacecraft
could include Martian weather sensing and relay to Mars expeditions and Earth.  The L2 vehicle offers the opportunity
of a secondary payload for asteroid and outer solar system observations.

One of the fundamental advantages of Lissajous orbit is, of course, the relatively small ∆V maneuvers required for
station-keeping, when compared to other mission orbits.  Annual ∆Vs for each vehicle could to be on the order of 2
m/s14 and studies have produced data showing annual vehicle station-keeping estimates of 50 m/s for low orbits, almost
200 m/s for aerosynchronous, and 30 m/s for the inclined common period missions.15 We provide more discussion of
station-keeping in a later section of this report.

Mars Mission Simulations and Analysis
Satellite Tool Kit (STK) / Astrogator26

STK / Astrogator was the simulation and analysis tool used to generate the data for this study of utilizing the Sun-Mars
libration point for orbiting communication relays.  This is an interactive orbit maneuver and space mission planning tool
that is fully integrated within the larger STK tool and is widely used for Earth orbiting, Lunar, libration point, and
interplanetary missions.  The key features of this tool are the use of user-defined gravity fields, propagators, and coordinate
systems.  It also uses a powerful “targeted trajectory” design process and features a variety of on-line help features.

On a historical note, Astrogator has its roots in a tool called Swingby, which was developed by Computer Sciences
Corporation (CSC) in 1989 for NASA Goddard Spaceflight Center (GSFS).  This was commercialized as Navigator by
CSC in 1994.  In turn, the Navigator tool was purchased by Analytical Graphics, Inc. (AGI), the developers of STK.  In
response to GSFS requests for COTS products, Astrogator was developed in 1997 using some heritage algorithms from
Swingby and Navigator.

For designing libration orbit missions, there are some specific tools within the Astrogator module which are employed.
One of these is the rotating libration point (RLP) coordinate system.  This is defined for a system of primary and less-
massive secondary gravitating bodies as shown in Figure 6.
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Figure 6. RLP Coordinate System26

The origin is placed at the libration point of interest.  The x-axis defines the line from the primary to the secondary body
(in this specific case, from the Sun to Mars).  The y-axis is orthogonal to the x-axis in the plane and direction of the
secondary body’s motion about the primary.  The z-axis completes the orthogonal set to x and y.

For velocity change (∆V) computations, the velocity-normal-conormal (VNC) frame is used (see Figure 7).  In this
frame, the x-axis is along the velocity vector of the spacecraft, the y-axis is along the orbit normal (radius cross velocity),
and the z-axis completes the orthogonal triad.

Figure 7. VNC Coordinates

The real computational strength within Astrogator lies in the targeting sequence, which allows the definition of maneuvers
in terms of goals to achieve.  The basic targeting problem is: given a set of orbital goals, how can the control parameters
be perturbed (and solved) to meet them? Astrogator uses a differential corrector process to iterate to a solution.
Determining libration orbit insertion trajectories often requires multiple phased targeting segments where the goals define
the intended orbits and the control parameters are the velocity change components and other transfer orbit characteristics.

2003 Direct Insertion into L1 Large Amplitude Lissajous Orbit
The original study by Pernicka, et al, was a system level analysis with some simplifying assumptions.  It used co-planer
transfer trajectories and circular orbits to determine C3 energy and orbit insertion ∆V requirements for a 2003 Sun-Mars
Lissajous communications relay concept.  (Note: C3 is defined as negative the gravitational parameter of the central
body divided by the semi-major axis. For hyperbolic orbits this is the square of the hyperbolic excess velocity.)  That
original data was generated with simplified force models and direct transfer to an orbit about L1.  Our study used STK
/ Astrogator and the targeting process described in detail in the subsequent section to reproduce a subset of this data for
three different times of flight (TOF) for closer analysis.  No Z amplitude specifications were considered for these
scenarios.  A screen capture of the trajectory from the STK output is shown in Figure 8, where the view is of the XY
plane looking in the –Z direction, using a Sun-Mars rotating coordinate frame.  We found some agreement between the
resulting data, which is presented in the table that follows.
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Figure 8. L1 Orbit Direct Insertion

Table 1. Summary of Direct Transfer to L1 Lissajous; 13 Jun 03 Departure

The differences in C3 energy and ∆V are most likely due to the differences in the model parameters of the studies.  This
study used full force models, non-circular and non-coplaner transfers, and direct computation of the orbit insertion ∆V.
Based on inspection of the Mars arrival trajectories, use of actual non-coplaner, eccentric planetary orbits seems to be a
major factor.  The data trends are still evident, however: the 200 day TOF case provides the minimum C3 energy and
orbit insertion values (for the cases studied) and the longer and shorter duration flights require more energy and velocity
change.  Thus, for a 2003 mission (a baseline comparison year to be compatible with the original study) we provide this
refined transfer data from our simulations with full-force models and non-coplaner, eccentric orbits.  With these mission
scenarios developed, more extensive simulation and analysis for various transfer parameters could be undertaken.

2003 Transfer with Braking Maneuver at Mars Periapses
Based on a helpful suggestion by Chauncey Uphoff, and some historical approaches identified by Dave Dunham, we
investigated the use of a braking maneuver at close approach to Mars to lower the ∆V required for the Lissajous orbit
insertion maneuver.  This added a segment to the trajectory design and required some careful targeting for a close
swingby and braking maneuver around Mars (targeting details are discussed in the next section of the paper).  We
modeled and simulated the 200 day TOF case for the 2003 mission to L1 with the braking maneuver, shown in Figures
9a (looking edge-on at the XZ plane) and 9b (looking down on the XY plane).  The data and a comparison to the direct
insertion case are presented in the table below.

Figures 9a and 9b. L1 Orbit Insertion with Braking Maneuver
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Table 2 Comparison of 2003 Transfers to L1 Orbit; 200 Day TOF

The braking maneuver resulted in a ∆V savings of 1.465 km/sec, which would lead to fuel mass savings and/or increase
in payload capacity.  This type of maneuver seems promising as a ∆V conserving technique, and so we adopted it for
the other mission simulations that follow.  However, there is plainly room for future investigations into the applicability
of this trajectory for various mission profiles.

2016 Transfer Braking Maneuver
In order to provide data from this study that may aid future mission planners or lead to further research, we modeled a
2016 mission to place two vehicles in orbit about L1 and L2.  We simulated a 200 day TOF as a baseline, as well as a
181 day TOF which, along with the departure date of 20 Feb 2016, was inspired by a JPL Ballistic Earth-Mars Trajectory
study.17 These trajectories are depicted in Figures 10a and 10b and relevant data is shown in the two tables which follow.

Figures 10a and 10b. L1 and L2 Orbit Insertion
with Braking Maneuver

Table 3. Comparison of 2016 Transfers to L1 Orbit for Different TOF

Table 4. 2016 Transfers to L1 & L2 Orbits for 200 Day TOF

Table 3 shows that a shorter TOF to Mars can be achieved with a lower C3 energy value, but that trajectory requires a
larger braking maneuver than the longer transfer, to achieve the same mission orbit.  This indicates that with these types
of missions the lower energy transfer may not yield a lower braking and insertion ∆V specification.

Table 4 shows how two vehicles could start on the same transfer trajectory initially (as with a simultaneous launch) and
the L2 vehicle targeted for it’s close approach via a small mid-course correction.  The simulation method is explained
further in the next section.  The total TOF to Lissajous orbit insertion is different for each vehicle, which would assist in
the phasing of the vehicles that is required for the communications relay system to maintain adequate coverage of Mars.
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Z Amplitude and ∆∆V Analysis
Since specific mission performance specifications will drive the Lissajous orbit shaping requirements, we performed
some basic investigations into the relationship between the orbit Z amplitudes and the ∆V needed for the braking and
mission orbit insertion maneuvers.  We examined the 2016 transfer to an L1 orbit for 200 day TOF, targeting various
amplitude values.  The trajectories were very sensitive to small changes in the maneuvers (see Figure 11, looking
towards the Sun), and the results are summarized in Table 5 below.  The C3 energy for all cases was kept constant at
10.377 km2/sec2.

Figure 11. Orbits about L1 with Different Z Amplitudes

Table 5. 2016 Transfer to L1 Orbit with Varying Z Amplitude

The data from Table 5 demonstrate a correlation of the geometry of periapsis with the Z-amplitude.  As a measure of
the geometry, the elevation angle of the periapsis measured with respect to Mars’ orbit plane was used.  Very slight
changes in the elevation angle caused dramatic changes in the Z amplitude.  (It was also noticed that the class of the
Lissajous orbit could be changed by large variation of elevation angle, however this was not thoroughly investigated for
this study.) As shown in the table, the mid-course correction ∆V to change the elevation angle at periapsis is
insignificant.  Additionally, there is no significant change in the braking maneuver, leading to the conclusion that a wide
range of Z amplitudes can be achieved with no fuel penalty.

Relative Phasing Selection
As noted previously (see Figure 5), the key to obtaining sufficient communication coverage is to achieve 180 degree
phasing of the two vehicles in their orbits.  In other words, one is north of the Mars orbit plane while the other is south,
and one is leading Mars while the other trails.  The two-vehicle simulation from the sections above does not attempt to
achieve the proper phasing for actual relay mission operations.  This 180 degree phasing can be achieved by causing
both spacecraft to reach their appropriate libration orbit insertion (LOI) points at the same time.  In the above results
with no phasing control, the “baseline scenario” shown in Figure 10 had an LOI time difference of 56 days.
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Of course, each vehicle could be launched separately to achieve the proper phasing, but with very constrained launch
windows.  The redundant launch costs may also make that approach cost-prohibitive.  This paper focuses on scenarios
where both spacecraft are launched on the same launch vehicle.  As a result, the relative phasing of the spacecraft in
their Lissajous orbits is controlled by their onboard propulsion to affect LOI insertion time.  Three possible methods
were investigated: using a midcourse maneuver (as above), adjustment of TOF from periapsis Mars to LOI, and the use
of a Martian phasing loop.  All are discussed in the next section.

Trajectories to Achieve Two-Vehicle Phasing
The first method investigated to control the relative phasing was to use the mid course correction (MCC) maneuver 30
days after launch to change the time of arrival of the spacecraft at Mars.  By adjusting the time of arrival, the time of
insertion into the Lissajous orbit (the LOI maneuver) would also be changed.

The baseline scenario in Figure 10 shows that the trajectories arriving at Mars are not symmetric with respect to the Sun-
Mars rotating coordinate system; the incoming trajectories arrive from the L1 side of Mars.  A consequence of this is
that the L1 spacecraft inserts before the L2 spacecraft reaches its insertion point.  A first step in getting both spacecraft
to arrive at their LOI points simultaneously was to adjust the L2 spacecraft trajectory so that it would arrive at the
periapsis Mars point earlier then the L1 spacecraft.  To do this, however, required a very large midcourse maneuver.  In
addition, the decreased time of flight caused the incoming velocity at Mars to increase, and changed the direction of the
incoming asymptote, as shown in Figure 12 below.  In that figure, the dashed line is the original baseline and the solid
represents an earlier arrival at periapsis Mars.

Figure 12. Mid-Course Maneuver Allows Earlier Periapsis Mars (solid line)

The change in the asymptote angle in turn caused the time of flight from periapsis Mars to LOI to increase, and the epoch
of the LOI point did not vary the same as the change in periapsis Mars epoch.  In fact, for the case examined, an earlier
periapsis epoch resulted in a two day delay in LOI.  In addition, the retrograde braking maneuver and the LOI ∆V costs
increased, again because of the change of the transfer trajectories.  Table 6 shows the comparison data and the increase
in ∆V.  This method proved unfeasible because of the large ∆V cost associated with moving the epoch of LOI even a
few days, and the direction of that movement for this case.

Table 6. Using MCC to Change Periapsis Date and Effect LOI Epoch
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The second method investigated to control phasing was to vary the time of flight of both vehicles from periapsis Mars
to LOI.  The time of flight is correlated with the amplitude, which is controlled by targeted B-dot-R value.22 Thus, this
TOF must be controlled to cause the L1 vehicle to insert later and have the L2 vehicle insert earlier so that their LOI
times coincide.  Our investigation results, detailed in the figures and Table 7 below, show that varying this TOF results
in very large (and most likely unwanted) Lissajous orbit amplitudes (over 500,000 km) without achieving the
synchronicity of the LOI required for the system phasing.  However, there may be some applicability of this method to
affect small changes in phasing if needed during operations.

Figure 13a. Amplitude Variations Due to TOF Changes

Figure 13c (above). Amplitudes About L1
Figure 13b (left). Periapsis Mars

The third method to control phasing is the use of a phasing loop orbit about Mars prior to LOI.  With this approach, the
L2 vehicle performs its LOI maneuver after Mars swingby as in the baseline case and establishes the LOI time and
phasing that the L1 vehicle must match.  Using a retrograde capture maneuver at Mars periapsis, the L1 vehicle enters
a phasing orbit about Mars.  After one revolution in this orbit, a subsequent maneuver at periapsis transfers the vehicle
out to the LOI point.  The period of this phasing orbit summed with the time of flight of the transfer to LOI must be
such that the desired epoch at LOI is achieved.

One might think that the phasing orbit period would be equal to the difference between LOI times for the L1 and L2
vehicles in the baseline configuration (56 days).  However, since the phasing orbit periapsis point rotates in the Sun-
Mars rotating frame, the transfer to LOI is longer than in the baseline scenario.  Thus, to obtain the correct total TOF
the phasing orbit period is shorter than expected.  In fact, using a two-body orbit period calculation right after the capture
maneuver set equal to the 56 day time difference actually causes a time delay far in excess of that required.  The data
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and figures below show these results.  The use of a phasing orbit also introduces some flexibility into the execution of
the entire mission.  The result is that the 180 degree phasing of the two vehicles can be obtained.  The results are below.

Table 7. Z-axis amplitude and LOI date as a function of Time of Flight (TOF)

Table 8. Phasing Loop Used to Equate LOI Epochs

Figure 14a. Phasing Loop Trajectory(Solid) Figure 14b. Periapsis View
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Estimation of Communication Coverage Achieved
Previous work has indicated that the 180 degree offset phasing of this communication system will allow near continuous
coverage of the Martian surface so that exploration missions there would only experience communications loss for a few
minutes twice a day, at the most.  In order to verify and uncover more details on this, we analyzed the baseline 180
degree phased trajectories using the STK / Coverage module.

Two metrics were used to quantify the quality of coverage: “Maximum Revisit Time” and “Number of Gaps.” Gaps are
the times on the surface of Mars that are not within line-of-sight of either satellite.  Maximum Revisit Time is defined
as the maximum duration of the gap in coverage over the entire coverage interval, which starts at LOI and goes for 674
Earth days (over one Martian year).  “Number of Gaps” are the number of times in this same interval that contact cannot
be made with at least one of the satellites.  This was measured along one longitude line at 10 degree intervals of latitude.

This analysis approach takes into account the rotation of Mars and its tilt, using fully integrated trajectories phased via
the method in the proceeding section.  Table 9 shows tabular results for one particular epoch.  For the mid-latitude
regions, the gaps in coverage are about a half an hour, with one to two gaps per day.  As a special note, the south polar
region had the longest revisit times (6 days), which occurred 4 times during the year.  By inspection, it seems that there
may be a seasonal variation that should be investigated because of the effect near the poles.  A complete investigation
would include LOI epochs at various times of the Martian year and consider all locations on the planet.

Table 9. Summary of Coverage Analysis

Targeting Methods Using STK / Astrogator1

In this section we provide more detail on using the simulation and analysis
tools which generated the results of the previous section.  The transfer from
the Earth to a Mars Lagrange orbit was targeted in a series of steps.  The
purpose of the targeting was to determine the control variables necessary to
achieve this transfer.  The initial orbit state represented the post launch Earth-
centered hyperbolic trajectory.  This was specified in target vector form, in the
Earth-centered mean ecliptic and equinox of J2000 coordinate system.  The
seven parameters of the target vector are: epoch, radius of periapsis, C3
energy, right ascension (RA) and declination (Dec) of the outgoing hyperbolic
asymptote, the velocity azimuth at periapsis, and the true anomaly.

For this study, the epoch was chosen to match previous work, the true
anomaly was set to zero, the velocity azimuth set to 90 degrees, and the radius
of periapsis set to 6678.0 km.  This represents a satellite near the Earth at
perigee.  The remaining parameters, C3 energy and the direction of the
trajectory (RA and Dec of the asymptote) were used as control parameters.
Two methods of insertion into Lagrange orbits were utilized and are discussed
separately below.

Direct Transfer to L1 Lagrange Orbit
For the direct transfer from Earth to the L1 Lagrange orbit, the control
parameters were adjusted using a differential corrector technique to achieve
three constraints at the point the trajectory crossed the ZX plane of Sun-Mars
rotating libration-point coordinate system (this is the plane containing the
Sun-Mars line and perpendicular to Mar’s orbit plane).  The three constraints are the desired epoch of arrival, and the
X and Z positions in the Sun-Mars rotating libration-point coordinates.  This is shown in the figure below.
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Figure 15. Direct Transfer Targeting

Once the desired time and position was achieved, the three components of the Lagrange-orbit insertion maneuver (LOI)
was targeted as an impulsive ∆V maneuver in four steps.  First, LOI was targeted to achieve somewhat ideal velocity
components for the Lissajous orbit at this point.  Velocity in the X and Z rotating libration point directions were targeted
to zero.  Velocity in the Y direction was targeted to -0.16 km/sec (a representative value from previous analysis).
Second, the LOI maneuver was corrected so that after propagating the trajectory a half revolution to the first ZX plane
crossing, the X component of velocity (Vx) would be zero (this represents a perpendicular plane crossing when
projected into the XY plane, and is the same energy balancing technique mentioned by Dunham and Roberts14).   After
achieving the first ZX plane crossing, the third and fourth steps were to correct the LOI maneuver to achieve Vx of zero
at the second, and then the third ZX plane crossings.  The figure below illustrates this process.

Figure 16. Direct LOI Targeting

Transfer Using Braking Maneuver at Mars Periapsis
The transfer to a Mars Lagrange point orbit using a braking maneuver at the close approach at Mars before the LOI
maneuver was also targeted in stages.  First, the target vector control parameters were adjusted by the differential
corrector to achieve an epoch at periapsis Mars, and B-Plane components to place the trajectory on the anti-Sun side of
Mars.  Since this stage is just a first guess, the values used were B-dot-T of -10,000 km, and B-dot-R of 0.0 km.  The
entire sequence is shown in the figure and explained further below.

The second step refined this to the desired close approach conditions.  Using the same control parameters, the radius of
close approach was used instead of B-dot-T, and was targeted to a radius of 3,600 km (about 200 kilometers altitude).

After the constraints at periapsis were met, the magnitude of a retrograde braking maneuver (anti-velocity direction) was
used at periapsis to shape the trajectory until the trajectory crossed the XZ plane at the desired X distance in the Sun-
Mars rotating libration-point coordinate system (XRLP).  After the retrograde maneuver was calculated, the LOI
maneuver was planned using the same 4-step method previously described for the direct transfer.

The transfer to the L2 Lagrange orbit was planned in a similar manner, except that the trajectory must pass on the Sun-
ward side of Mars at the close approach.  This was done using a mid-course correction (MCC) maneuver as a control
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parameter, which also allowed the initial transfer parameters to be the same for both the L1 and L2 vehicles.  Some
additional graphic explanation of B-plane targeting is shown in the figures below, and further detail can be found on the
STK web site.26

Figure 17. LOI Using a Braking Maneuver

Figure 18. B-Plane Targeting27

Transfer Using Braking Maneuver to Achieve Desired Z Amplitude
The concept for targeting a desired Z amplitude for the Lagrange orbit is analogous to the technique using Earth’s moon
as described by Sharer, et al.21 The Z amplitude can be directly controlled as a function of the position of the trajectory
as it passes through its close approach to Mars.  The process is outlined in the figure and described below.
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Figure 19. The B-Plane27

Figure 20. Targeting Z-Amplitude Variations

The initial targeting is the same B-Plane targeting described above: first B-dot-T and B-dot-R, and then B-dot-R and
Radius of periapsis.  The initial target vector parameters were not used at this step because the corrections to the
parameters were too small, being on the order of a double precision number.  Instead, a MCC maneuver was used 30
days after Earth departure.

After the epoch, B-plane, and radius of periapsis constraints were achieved, the retrograde braking maneuver was
targeted to achieve as described above.  Then the Z distance (amplitude) was checked, and if it was significantly far
from the desired value, the previous step was repeated with a different B-dot-R value.  (B-dot-R is directly related to the
elevation of periapsis with respect to the Mars’ orbit plane.)

The next stage involved targeting the four constraints that must be simultaneously met: the epoch at periapsis, the radius
of periapsis (to prevent the trajectory from hitting Mars), the X position at LOI, and the Z amplitude.  In addition to the
three components of the MCC maneuver, the magnitude of the braking maneuver was also used as a control.

Once this step converged, the LOI maneuver was targeted using the same 4-step method described above for the direct insertion.
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Transfer to Achieve Relay Phasing
The first two methods attempted to control phasing used the approaches described above.  The 3rd method, which
utilized a phasing loop for the L1 satellite, required a modified targeting procedure.  The capture maneuver was targeted
such that after one phasing loop and then subsequent transfer to LOI, the epoch of LOI would match the epoch of the
L2 satellite LOI.  In order to achieve this, two differential corrector targeting schemes were employed simultaneously.
An inner targeter calculated the maneuver magnitude in the velocity direction needed to transfer from the phasing orbit
to the Lissajous orbit.  This inner targeter was “wrapped” by an outer targeter which calculated the retrograde maneuver
at the first Mars periapsis.  This targeter was set up to adjust the maneuver magnitude to achieve the epoch at LOI which
occurs after the inner targeter has converged on a solution.  Therefore, each time the outer targeter iterated and searched
for the capture maneuver, the inner targeter was re-run to calculate the transfer from the phasing orbit to LOI.23

Station-keeping
Due to the precarious nature of the Lissajous orbit, precise and continuous station-keeping (SK) techniques must be
employed.  Additionally, the precision required for certain missions located around the Sun-Mars Lagrange points
requires the fidelity of such SK maneuvers to be extremely high.  Historical data and studies indicate that SK ∆Vs as
little as 1 mm/sec could be required.

Station-keeping techniques fall into two major categories.14 The first, referred to as a “tight” control technique, attempts
to target the vehicle back to a nominal three-dimensional path.  The second is the “loose” control technique that uses a
simpler “orbital energy balancing” strategy to closely mirror a Lissajous orbit.  The two control techniques differ only
in the number of ∆V components that are varied.  The loose technique will simply vary one component of ∆V while the
tight technique varies two or more to achieve a nominal Lissajous orbit.

History14,18

The third International Sun-Earth Explorer (ISEE-3) flown to the Sun-Earth L1 point in 1978 used the tight control
technique in an attempt to maintain its trajectory as close to a nominal halo orbit as possible.  This mission, being the
first to orbit a Sun-Earth libration point, had the luxury of a large supply of fuel to allow for uncertainties in the insertion
to and maintenance of the new orbit.  The relatively small errors encountered during insertion into the halo orbit left a
large amount of fuel that could be used specifically for station-keeping.  Over the four years that ISEE-3 was established
at the L1 point, 15 SK maneuvers were performed totaling 30.06 m/sec at an average of 2.00 m/sec per maneuver.  The
time between the maneuvers averaged 82 days.

While the large amount of fuel planned for the ISEE-3 mission allowed for very tight control of its halo orbit, a more
optimal SK method was planned for the Solar Heliospheric Observatory (SOHO).  Prior to its establishment at the Sun-
Earth L1 point in 1996, SOHO mission planners sought ways in which to decrease its SK costs.  If the complexity of
SK maneuvers for SOHO could be dramatically reduced, or “loosely” controlled, the fuel load, and therefore costs,
could be also be reduced.  In the “orbital energy balancing” technique that evolved, only one component of ∆V, in this
case the x-component, would be varied.  The result of this simplification achieved a threefold reduction in SK costs from
roughly 7.5 m/sec per year for ISEE-3 to less than 2.3 m/sec per year for SOHO.

The major drawback with the loosely controlled technique used on SOHO was that it did not maintain a periodic halo
orbit precisely.  The resultant orbit was, however, a Lissajous path that mirrored the nominal halo orbit so closely that
for all practical purposes it could be considered equivalent.  The loose control technique was therefore proven as an
effective means of achieving lower SK costs when precise orbit mapping was not necessary.

Station-keeping for the Sun-Mars Lissajous Orbits
For future missions to Mars using the Sun-Mars Lagrange points, mission planners will have to consider several factors
prior to making a decision on the SK technique to be used.  Obviously mission requirements will dictate whether the
loose control technique can be used to optimize SK costs or if the higher precision of the tight technique is necessary.
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In our example of a communication system in orbits about the tions system example, the timing of SK burns is critical
so as to prevent unexpected and inconvenient losses in communications coverage to the users on the Martian surface.
One solution to such a problem is to overlap the SK maneuvers with the spacecraft’s preplanned attitude and momentum
adjustments.  This allows the attitude control, momentum management, and SK maneuvers to complement one another
and minimizes the down time of the system.  Dunham and Roberts have shown that for any ∆V error, the SK that follows
is also minimized.  If, however, the insertion ∆V error is greater than that expected the magnitude of the SK maneuvers
will increase and the SK costs will rise.

The second factor in SK frequency determination is the effect that subsequent SK burns have on the overall orbit error.
This can be further broken down to the actual magnitude of the orbit error at the end of the last burn, the time since that
burn, and the accuracy of the burn itself as executed.  Obviously, this orbit error will increase with time and the larger the
error, the sooner a subsequent burn will need to be performed.  The key here is to minimize the magnitudes of the burns.14

Once the frequency and magnitude of the required SK maneuvers are determined, the optimal timing of such maneuvers
will need to be considered.  For the communications system example, the timing of SK burns is critical so as to prevent
unexpected and inconvenient losses in communications coverage to the users on the Martian surface.  One solution to
such a problem is to overlap the SK maneuvers with the spacecraft’s preplanned attitude and momentum adjustments.
This allows the attitude control, momentum management, and SK maneuvers to complement one another and minimizes
the down time of the system.

Dunham and Roberts have shown that small ∆V errors on order of 0.1 mm/sec for the Sun-Earth / Moon system cause
noticeable deviation from the nominal after about three revolutions in the Lissajous orbit.14 In our study, the same error
was applied to the Sun-Mars L1 Lissajous orbit as shown in Figure 21.  This error caused noticeable deviations after
only one and a half revolutions.  However, because the period of the Mars Lissajous is about twice that of the Earth
Lissajous, the deviations occur approximately after the same duration in time.  This is an indicator that the station-
keeping requirements for the Mars Lissajous will be on the same order as seen for the Earth missions, in terms of fuel
used per year.  Of course, a thorough error analysis study could be made later to prove this, accounting for the errors
and uncertainties.

Figure 21. Effect of small errors on Lissajous orbit

Further research for this study explored the station-keeping sensitivities of spacecraft in these orbits via Monte Carlo
analysis.  The uncertainties included those due to the orbit determination process, possible change in the effective area of the
spacecraft affecting the Solar radiation pressure acceleration, and possible errors in the station-keeping maneuver execution.
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Monte Carlo Simulation Approach
The uncertainties were modeled as uncorrelated errors.  The uncertainty magnitudes were: 100 meters in position, 10
cm/second in velocity, 10% uncertainty in the area of the spacecraft (which could represent attitude changes), and a ∆V
error of 10 cm/second (These could be attributed to both errors in execution of station-keeping maneuver and attitude
thruster control effects).  A Monte Carlo simulation was setup to randomly vary these eight parameters and propagate
the baseline L2 trajectory for 90 days.  A station-keeping maneuver was then targeted at that time to return the trajectory
to that of a periodic orbit for the remainder of the Martian year.  The statistics were gathered on the magnitude of the
station-keeping maneuver required to correct the trajectory.

The results of the Monte Carlo simulation with 100 runs yielded an average station-keeping ∆V magnitude of 0.044 m/s
(with standard deviation of 0.003).  The same simulation was run for a large amplitude L2 orbit in the earth system (for
comparison) and the average ∆V was 0.45 m/s and standard deviation of 0.03.  Since the period of the Earth is
approximately half that of Mars, a second Earth-centered L2 Monte Carlo run was made where the station-keeping
maneuver was done after only 45 days of propagation.  The average ∆V was 0.43 m/s with the same standard deviation.
These results seem to indicate that the Martian Lissajous orbits require an order of magnitude less station-keeping ∆V than
those in the Earth system.  One possibility for this that was considered is Lunar effects; but the examination of a Lissajous
about L2 of the Sun-Earth system with the moon removed from the model yielded no significant difference in results.
There are several other possibilities to be explored, including the different distances from the Sun and planet sizes.

Conclusions22,23

This research began by re-examining a 2-vehicle communication relay system orbiting the Sun-Mars libration points,
including transfer orbits, injection strategies, and station-keeping, to see how past studies and data compared to that from
current desktop computing techniques using full-force model targeting and propagation (namely, the Satellite Tool Kit
(STK) / Astrogator module).  Earth-Mars transfers and Lissajous orbit injections for a 2016 mission were analyzed.  It
was found that trajectory trends from the previous studies were still valid when using full force models, however the
actual magnitudes of the maneuvers could increase.  This work also highlights the fact that the minimum departure C3
energy does not always correspond to the minimum LOI maneuver.  Also revealed was that using a braking maneuver
at a low altitude (200 km) Mars periapsis prior to LOI saves significant spacecraft on-board fuel, for certain approach
trajectories.  One can take advantage of the geometry of this close approach to control the Z amplitude and class of the
Lissajous orbit as well.  It was also determined that the loose control technique for station-keeping could be appropriate
for the L1 and L2 communication relay concept.  The stability of these orbits are on the same order as the Sun-Earth
orbits in terms of deviations from nominal as a function of time.

Three methods were explored to achieve the 180 degree relative phasing of the spacecraft in their respective Lissajous
orbits:

1. Adjusting the time of arrival at Mars periapsis using a midcourse correction;
2. Adjusting the time of flight from periapsis Mars to LOI by altering the amplitude of the Lissajous orbit; and
3. The addition of a phasing loop before the transfer to L1.

The first method proved too costly in terms of ∆V.  The second method did not move the LOI epochs close enough
together.  The third method was successful, and the targeting algorithm was described.

The quality of coverage was investigated using the fully numerically integrated trajectories and the actual motion of
Mars’ polar axis.  For most latitudes, the maximum gap was found to be about a half an hour, which is slightly longer
than previous papers suggested, but still within the scope of the missions described.  The poles behave somewhat
differently, with longer gaps, but far fewer.  Future work could include investigation of the effect on coverage of orbit
phasing with the Martian seasons.

An estimate of the station keeping cost for a Mars L2 orbit was calculated using a Monte Carlo technique, varying the
initial orbit state, area, and maneuver execution errors.  This was compared with a similar Earth L2 orbit, and the Mars
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orbit requires about an order of magnitude less ∆V for the maneuver.  The reasons behind this are not fully understood,
and could be pursued in future work.

Overall, the study has provided useful initial data on the trajectory designs to place vehicles in Lissajous orbits about
the Sun-Mars L1 and L2 points, while showing that the innovative use of the two-satellite communication system is a
practical concept for Mars exploration.
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